
1. Elementary matrices and calculating determinant via Gauss-Jordan elimination

Definition 1.1. An n ˆ n matrix E is an elementary matrix if it can be obtained by performing a
single elementary row operation on the identity matrix In.

See Exercise 82-90 of [1] or [2] and [3].
Some examples of elementary matrices for n “ 3 and for each of the elementary row operations are:

Row-switching transformations (determinant is ´1): ER1ØR3 “

»

—

–

0 0 1

0 1 0

1 0 0

fi

ffi

fl

, which is ob-

tained by interchanging the first row and third rows of I3.
Similarly, we have

ER1ØR2 “

»

—

–

0 1 0

1 0 0

0 0 1

fi

ffi

fl

, ER2ØR3 “

»

—

–

1 0 0

0 0 1

0 1 0

fi

ffi

fl

which are obtained by interchanging the first row and second rows of I3 (resp. the second row and
third rows of I3).

Row-multiplying transformations (determinant is a): EaR1 “

»

—

–

a 0 0

0 1 0

0 0 1

fi

ffi

fl

which is obtained

by multiplying the first row of I3 by a , for any a P R.
Similarly, we have

EaR2 “

»

—

–

1 0 0

0 a 0

0 0 1

fi

ffi

fl

, EaR3 “

»

—

–

1 0 0

0 1 0

0 0 a

fi

ffi

fl

which is obtained by multiplying the second row (resp. the third row) of I3 by a, for any a P R.

Row-addition transformations (determinant is 1): ER2ÐR2`aR1 “

»

—

–

1 0 0

a 1 0

0 0 1

fi

ffi

fl

which is ob-

tained by multiplying the first row of I3 by a and adding it to the second row of I3.
Similarly, we have

ER3ÐR3`aR1 “

»

—

–

1 0 0

0 1 0

a 0 1

fi

ffi

fl

, ER3ÐR3`aR2 “

»

—

–

1 0 0

0 1 0

0 a 1

fi

ffi

fl

which is obtained by multiplying the first row (resp. the second row) of I3 by a and adding it to the
third row of I3.

Proposition 1.2. Left multiplication of an elementary matrix realizes the corresponding row operation.

Example 1.3. Consider

ER1ØR2 “

»

—

–

0 1 0

1 0 0

0 0 1

fi

ffi

fl

, A “

»

—

–

a b

g d

e f

fi

ffi

fl

then we have

ER1ØR2A “

»

—

–

g d

a b

e f

fi

ffi

fl

1



2

We see left multiplication by ER1ØR2 does the work of interchanging R1 and R2 of A!

Remark. These elementary matrices are often denoted by Ei, for i P N. The subscripts on E have no
particular meaning but are just used to distinguish one elementary matrix from the next. We keep
using our notations.

We now explain how to find the determinant via Gauss-Jordan elimination.

Consider the matrix A “

»

—

–

0 1 ´1

2 ´6 2

´1 3 0

fi

ffi

fl

. This can be done by multiplying A on the left by the

elementary matrix ER1ØR3 to yield

ER1ØR3A “

»

—

–

´1 3 0

2 ´6 2

0 1 ´1

fi

ffi

fl

.

Suppose we then wish to perform the elementary row operation of multiplying the first row by ´1 ,
we can do this by multiplying by E´R1 which then gives

E´R1ER1ØR3A “

»

—

–

1 ´3 0

2 ´6 2

0 1 ´1

fi

ffi

fl

.

We can then perform on this result the elementary row operation of multiplying the first row by ´2

and adding it to the second row using ER2ÐR2´2R1 to obtain

ER2ÐR2´2R1E´R1ER1ØR3 “

»

—

–

1 ´3 0

0 0 2

0 1 ´1

fi

ffi

fl

.

If our goal is to obtain rref for A, then we would continue with the following elementary matrices

to switch rows 2 and 3 we apply ER2ØR3 “

»

—

–

1 0 0

0 0 1

0 1 0

fi

ffi

fl

to the previous result we get

ER2ØR3ER2ÐR2´2R1E´R1ER1ØR3A “

»

—

–

1 ´3 0

0 1 ´1

0 0 2

fi

ffi

fl

.

Taking determinants on both sides, we have the determinants equation as follows (recall that detpABq “

detpAq detpBq):

p´1q ˆ 1 ˆ p´1q ˆ p´1q detpAq “ detpER2ØR3q detpER2ÐR2´2R1q detpE´R1q detpER1ØR3q detpAq

“ det

¨

˚

˝

»

—

–

1 ´3 0

0 1 ´1

0 0 2

fi

ffi

fl

˛

‹

‚

“ 2.

Therefore detpAq “ ´2.
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